Using the fixed point method, we establish a generalized Ulam -Hyers stability result for the monomial functional equation in the setting of complete random p-normed spaces. As a particular case, we obtain a new stability theorem for monomial functional equations in β-normed spaces.
Introduction
The problem of Ulam -Hyers stability for functional equations concerns deriving conditions under which, given an approximate solution of a functional equation, one may find an exact solution that is near it in some sense. The problem was first stated by Ulam [22] in 1940 for the case of group homomorphisms, and solved by Hyers [10] in the setting of Banach spaces. Hyers's result has since seen many significant generalizations, both in terms of the control condition used to define the concept of approximate solution ( [2] , [21] , [5] ) and in terms of the methods used for the proofs. Radu [20] noted that the fixed point alternative can be used successfully in the study of Ulam -Hyers stability, to obtain results regarding the existence and uniqueness of the exact solution as a fixed point of a suitably chosen contractive operator on a complete generalized metric space. The fixed point method was subsequently used to obtain stability results for other functional equations in various settings.
The notion of fuzzy stability for functional equations was introduced in the papers [16, 17] . The fixed point method was first used to study the probabilistic stability of functional equations in [12, 13, 14] .
Recently, in [15] and [23] , the problem of stability was considered in the more general setting of random p-normed spaces. Following the same approach, we prove a stability result for the monomial functional equation, for mappings taking values in a complete random p-normed space. As random p-normed spaces generalize random normed spaces and β-normed spaces, this allows for a unitary framework in which to discuss several stability results. Definition 1.1. Let X and Y be linear spaces. A mapping f : X → Y is called a monomial function of degree N if it is a solution of the monomial functional equation
(1.1)
Here, ∆ denotes the difference operator, given by ∆ y f (x) = f (x + y) − f (x), for all x, y ∈ X, and its iterates are defined inductively by ∆ 1 y = ∆ y and ∆ n+1 y = ∆ 1 y • ∆ n y , for all n ≥ 1. It can easily be shown that
Other well-known functional equations, such as the additive, quadratic or cubic ones, are particular cases of equation (1.1), obtained by setting N = 1, 2 or 3 respectively.
The (generalized) Ulam -Hyers stability for the monomial functional equation was previously studied in [1] , [7] , [8] and [3] . We also mention the recent papers [18] and [19] .
We will assume that the reader is familiar with the notations and terminology specific to the theory of random normed spaces. We only recall the definition of a random p-normed space, as given in [9] .
A random p-normed space is a triple (X, µ, T ) where X is a real vector space, T is a continuous t-norm, and µ is a mapping from X into D + so that the following conditions hold: (P1) µ x (t) = 1 for all t > 0 iff x = 0; (P2) µ αx (t) = µ x t |α| p , for all x ∈ X, α = 0 and t > 0; (P3) µ x+y (t + s) ≥ T (µ x (t), µ y (s)), for all x, y ∈ X, t, s ≥ 0.
If (X, µ, T ) is a random p-normed space with T -a continuous t-norm such that T ≥ T L , then
is a complete system of neighborhoods of the null vector for a linear topology on X generated by the p-norm µ ( [9] ). Definition 1.3. Let (X, µ, T ) be a random p-normed space.
(i) A sequence {x n } in X is said to be convergent to x in X if for every t > 0 and ε > 0, there exists a positive integer N such that µ xn−x (t) > 1 − ε whenever n ≥ N . (ii) A sequence {x n } in X is said to be Cauchy if, for every t > 0 and ε > 0, there exists a positive integer N such that µ xn−xm (t) > 1 − ε whenever m, n ≥ N . (iii) A random p-normed space (X, µ, T ) is said to be complete iff every Cauchy sequence in X is convergent to a point in X.
Main results
In the following, N is a fixed positive integer.
Definition 2.1. Let X be a linear space, (Y, µ, T M ) be a random p-normed space and Φ be a mapping from
We will prove that, under suitable conditions on the function Φ, every probabilistic Φ-approximately monomial mapping can be approximated, in a probabilistic sense, by a monomial mapping of the same degree. In doing so, we will need the following lemmas:
) be a complete generalized metric space and A : X → X be a strict contraction with the Lipschitz constant L ∈ (0, 1), such that d(x 0 , A(x 0 )) < +∞ for some x 0 ∈ X. Then A has a unique fixed point in the set Y := {y ∈ X, d(x 0 , y) < ∞} and the sequence (A n (x)) n∈N converges to the fixed point
, where
Then there exist positive integers K 0 , ..., K (λ−1)n so that
Remark 2.4. In the case of λ = 2, K i = n n−i , for all i = 0, N (see [6] ). Next, given linear spaces X and Y and a mapping f : X → Y , using the notations of the previous lemma for λ = 2, one can write
By Lemma 2.3,
Theorem 2.5. Let X be a real linear space, (Y, µ, T M ) be a complete random p-normed space, and Φ : X 2 → D + be a mapping such that, for some α ∈ (0, 2 N p ), the following relations hold:
If f : X → Y is a probabilistic Φ-approximately monomial mapping of degree N with f (0) = 0, then there exists a unique monomial mapping of degree N , M : X → Y , so that
In addition,
Proof. We will follow an idea of Gilányi (see [8] ) to obtain an estimate of
which implies
By using (P3), we obtain
Also, by setting i = 0 and replacing x with 2x in (2.7), we get
{Φ ix,x (t), Φ 0,2x (t)}. Note that, by (2.3), G has the property G(2x, αt) ≥ G(x, t),
for all x ∈ X and all t > 0. We denote by E the space of all mappings g : X → Y with g(0) = 0, and define the mapping
Following the same reasoning as in [13] , it can be shown that (E, d G ) is a complete generalized metric space. We claim that J :
2 N , is a strict contraction, with the Lipschitz constant
, and our claim is proved. Moreover, from (2.8),
By Lemma 2.2, J has a fixed point M : X → Y with the following properties:
, so the estimation (2.5) holds.
(iii) M is the unique fixed point of J in the set {g ∈ E : d G (f, g) < ∞}.
Finally, we must show that M is a monomial mapping of degree N . Substituting x and y by 2 n x and 2 n y in (2.1), we obtain
for all x ∈ X and all t > 0, so
Both expressions on the right hand side of the inequality above tend to 1 as n tends to infinity, the latter due to (2.4) and (2.9). Thus, we have shown that ∆ N y M (x) − N !M (y) = 0, which concludes the proof.
Similarly, one can obtain the following result for α > 2 N p .
Theorem 2.6. Let X be a real linear space, (Y, µ, T M ) be a complete random p-normed space, and Φ : X 2 → D + be a mapping such that, for some α > 2 N p , 
Proof. Relation (2.8) implies
(t), Φ 0,x (t)} and note that, by (2.10), it has the property G
on the space E = {g : X → Y : g(0) = 0} and note that (E, d G ) is a complete generalized metric space. As in the proof of Theorem 2.5, we can show that J :
, is a strict contraction, with the Lipschitz constant 2 N p α , and its only fixed point M : X → Y so that d G (f, M ) < ∞ is the unique monomial mapping with the required properties.
Remark 2.7. Note that, by (2.8),
so that the estimation (2.12) is comparable to that in Theorem 2.5. However, we note that the two are not equivalent. It is immediate that (2.13) implies (2.3) and (2.4). The following example shows that the converse does not hold:
Example 2.9. Let (X, · ) be a normed space. The mapping Φ : X × X → D + defined by Φ x,y (t) = 1, if there exists a ∈ R so that y = ax, t t+ x−y N p+1 , otherwise, satisfies the conditions (2.3) and (2.4), but, for all linearly independent x, y ∈ X, Φ 2x,2y (αt) < Φ x,y (t).
Similarly, the condition Φ 2x,2y (αt) ≤ Φ x,y (t), ∀x, y ∈ X, t > 0 can be considered instead of the hypothesis (2.10) + (2.11) in Theorem 2.6.
Applications
As consequences of Theorem 2.5, we will obtain generalized Ulam -Hyers stability results for the case of random normed spaces and β-normed spaces and compare them with those already existing in the literature. Results regarding the case α > 2 N p can be derived in an identical manner from Theorem 2.6.
In the setting of random normed spaces, our theorem reads as follows: 
where Φ :
then there exists a unique monomial mapping of degree N , M : X → Y , which satisfies the inequality
Proof. Set p = 1 in Theorem 2.5.
In view of Remark 2.8, our two hypotheses on Φ could have been replaced with Φ 2x,2y (αt) ≥ Φ x,y (t), which is the condition that appears in [4] .
Recall that a β-normed space (0 < β ≤ 1) is a pair (Y, · β ), where Y is a real linear space and · β is a real valued function on Y (called a β-norm) satisfying the following conditions: (i) x β ≥ 0 for all x ∈ Y and x β = 0 if and only if x = 0; (ii) λx β = |λ| β x β for all x ∈ Y and λ ∈ R; (iii) x + y β ≤ x β + y β for all x, y ∈ Y. Suppose that the mapping f : X → Y with f (0) = 0 verifies the control condition
If there exists a positive constant L < 1 such that the mapping
satisfies the inequality ψ(2x) ≤ 2 N β Lψ(x), ∀x ∈ X, (3.3)
then there exists a unique monomial mapping of degree N , M : X → Y , with the following property: Remark 3.4. Theorem 3.3 provides an alternative version for the stability result obtained in [18] in the particular case of quasi-p-normed spaces.
